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Abstract 

The quantum dimensions of modules for vertex operator algebras are defined 
and their properties are discussed. The possible values of the quantum dimensions 
are obtained for rational vertex operator algebras. A criterion for simple currents of 
a rational vertex operator algebra is given. A full Galois theory for rational vertex 
operator algebras is established using the quantum dimensions. 

1 Introduction 

The dimension of a space or an object is definitely an important concept in both math- 
ematics and physics. The goal of the present paper is to give a systematic study of the 
"dimension" of a module over a vertex operator algebra. More precisely, we study how 
to define quantum dimensions, how to compute quantum dimensions and the possible 
values of quantum dimensions. The concept of quantum dimensions goes back to the 
physical literature |FMS] and the most discussions on quantum dimensions focus on the 
rational vertex operator algebras associated to the affine Kac- Moody algebras |FZ] . |DL] 
and Virasoro algebras jDMZ] . |W] . The mathematical work on quantum dimensions has 
been limited to the conformal nets approach to conformal field theory |KLMj where the 
quantum dimensions are called the statistical dimensions or the square root of index [J], 

Our own motivation for studying quantum dimensions comes from trying to under- 
stand the Galois theory for vertex operator algebras |DMlj . |DLMlj . |HMTj . originated 
from orbifold theory |FLMj . |D V VVj . |DLM5j . For a vertex operator algebra V and a 
finite automorphism group G of V, the fixed points is also a vertex operator algebra. 
It has already been established in |DM1] and |HMT] that there is a one to one correspon- 
dence between the subgroups of G and vertex operator subalgebras of V containing V'^. 
To get a complete Galois theory for V"-^ C V, one needs a notion of "dimension" [V : V^] 
of V over such that [V : V^] = o{G). Various efforts were tried without success until 
we turned our attention to the quantum dimensions. So as an application of the quantum 
dimensions we exhibit Galois theory for a vertex operator algebra V together with a finite 
automorphism group G. 

Let V = Q)n<=zVn be a vertex operator algebra and M = Q)n>oMx+n a \^-module. The 
quantum dimension qdim^M of M over V is essentially the relative dimension ^l™^ . 
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Unfortunately, both diniM and diniK are infinite. One lias to use limits to approach 
. The original definition of qdiniy M involves the g-characters of V and M. The 
g-character of M is a formal power series 



ch,M = g^-^/2^^(dimMA+„)g", 



n.=0 

where c is the central charge oiV . It is proved in [Zj| that the formal power series ch^ M 
converges to a holomorphic function in the upper half plane in variable r where q = e^'^*'^ 
under certain conditions. It is well known that qdim^ M can be defined as the limit of 
as q goes to 1 from the left. The advantage of this definition is that one can use 
the modular transformation property of the g-characters ^ and Verlinde formula jV], 
[H] to compute the quantum dimensions and investigate their properties. In fact, we are 
following this approach closely in the present paper. The disadvantage of this definition 
is that it requires both rationality and C2-cofiniteness of V. So this definition does not 
apply to irrational vertex operator algebras. 

We propose two more definitions of quantum dimension, which work for any vertex op- 
erator algebra. The first one is given by the the limit of relative dimension lim„_^oo '^'dimV"^" 

and the other is lim„_i.oo '^'^^ v"^" • proved that if lim„_j,oo ^^^i^v^" exits then all 
the limits exist and are equal. The later definition of quantum dimension tells us the real 
meaning of the quantum dimension. We firmly believe that these three definitions are 
equivalent although we could not prove the assertion in this paper. We also suspect that 
for a simple vertex operator algebra, the quantum dimension of any irreducible module 
exists. 

The quantum dimensions for rational and C2-cofinite vertex operator algebras have 
two main properties: (a) The quantum dimension of tensor product of two modules is 
the product of quantum dimensions; (b) An irreducible module is a simple current if 
and only if the quantum dimension is 1. The first property which is true for the tensor 
product of vector spaces is important in many aspects. This implies that the quantum 
dimensions satisfy a certain system of equations of degree 2 with integral coefficients and 
helps to compute the quantum dimensions. The second property enables us to determine 
the simple currents when the quantum dimensions are easily calculated. For example, 
for a framed vertex operator algebra [DGH] . this can be easily done using the quantum 
dimensions for the rational vertex operator algebra L(|,0) associated to the Virasoro 
algebra with the central charge |. 

It is worthy to mention that the minimal weight Amin of the irreducible modules plays 
an essential role in computing the quantum dimensions using the 5'-matrix. For most 
rational vertex operator algebras including those associated to the unitary minimal series 
for the Virasoro algebra, Amin = is the weight of vertex operator algebra V. The formula 
of the quantum dimensions in terms of S matrix is more or less standard. For an arbitrary 
vertex operator algebra such as those associated to the non-unitary minimal series for the 
Virasoro algebra, Amin can be negative. We obtain a similar formula for the quantum 
dimensions using the irreducible module whose weight is Amin instead of V. We also give 
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two examples of non-unitary vertex operator algebras to illustrate this. 

Finding the possible values of the quantum dimensions for a rational and C2-cofinite 
vertex operator algebra is another task in this paper. With the help of Perron- Frobenius 
Theorem on eigenvalues and some graph theory we show that the quantum dimension of 
an irreducible module can only take values in {2 cos(7r/n)|n > 3} U [2, oo) which are the 
square roots of the possible values of the index of subfactors of type II |J]. The connec- 
tion between quantum dimensions and index of subfactors is exciting but not surprising. 
There have been three approaches (algebraic, analytic and geometric) to two dimensional 
conformal field theory |BPZ] . |MS] in mathematics. The basic tool in algebraic approach 
is the vertex operator algebra and the analytic approach uses the conformal nets |GL] . 
|Wa] . Although the connection among different approaches has not been understood fully, 
constructing a conformal net from a rational vertex operator algebra and a rational ver- 
tex operator algebra from a conformal net is highly desirable. The connection between 
quantum dimension and index gives further evidence for the equivalence of algebraic and 
analytic approaches to two dimensional conformal field theory. 

Motivated by the representation theories of both finite groups and finite dimensional 
associative algebras, the notion of global dimension for a vertex operator algebra is pro- 
posed using the quantum dimensions of irreducible modules. Although we have not done 
much in the present paper on global dimension, the application of global dimension in clas- 
sification of irreducible modules for orbifold and coset vertex operator algebras is visible. 
The main challenge is how to find an alternating definition without using the quantum 
dimensions of irreducible modules. One could classify the irreducible modules using the 
global dimension and the quantum dimensions of known irreducible modules. This will 
be very useful in studying the orbifold theory as in the case of conformal nets |Xu] . 

The paper is organized as follows. We give the basics including the definition of twisted 
modules and important concepts such as rationality, regularity and C2-cofiniteness [Z], 
|DLM2j in Section 2. The quantum dimensions are defined in Section 3 with examples. 
Section 4 is devoted to the study of the properties of quantum dimensions. In particular, 
the connection between quantum dimension and modular invariance [Zj, tensor product of 
modules [H] and Verlinde formula jV] is investigated in great depth. A characterization of 
simple currents in terms of quantum dimensions is given. We present results on possible 
values of the quantum dimensions in Section 5. In the last section we give a full Galois 
theory for a simple vertex operator algebra with a finite automorphism group. 

We thank Terry Gannon for useful suggestions on the possible values of the quantum 
dimensions. 

2 Preliminary 

In this section, we recall the various notions of twisted modules for a vertex operator alge- 
bra following |DLM2] . We also define the terms rationality, regularity, and C2-cofiniteness 
from [Z] and |DLM2] . Besides, we discuss the modular invariance property of the trace 
functions for a rational vertex operator algebra [Z]. 
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2.1 Basics 

A vertex operator algebra V = Q)n&Vn (as defined in |FLM] ) is said to be of CFT type 
if Vn = for negative n and Vq = CI. 

Let \^ be a vertex operator algebra and g an automorphism of V with finite order T. 
Decompose V into eigenspaces of g : 

v^= n 

rgZ/TZ 

where = {v E V\gv = e~'^™'^'^v}. We use r to denote both an integer between 
and T — 1 and its residue class mod T in this situation. Let denote the space of 

W^-valued formal series in arbitrary complex powers of z for a vector space W. 

Definition 2.1. A weak ^f- twisted V^-module M is a vector space equipped with a linear 
map 

Ym-.V {End M){z} 

V ^ YMiv,z) = K G EndM), 

nGQ 

which satisfies the following: for allO<r<T— 1,uEV^,vEV, wE M , 

Ym{u,z) = ^ 

UiW = for I ^ 0, 
Ym{1, z) = Mm, 

Zq^S ^ Ym{u,zi)Ym{v,Z2) - Zq^5 ^-3^^ YMiv,Z2)YM{u,Zi) 

= z,' {^y^^ (^) YM{Yiu,z,)v,Z2), 

where 5{z) = 'Ylmei^^ (elementary properties of the 6-function can be found in \FLM^ ) 
and all binomial expressions (here and below) are to be expanded in nonnegative integral 
powers of the second variable. 

Definition 2.2. A (7-twisted ^-module is a weak g-twisted V -module M which carries 
a C-grading induced by the spectrum of L[0) where L{0) is the component operator of 
Y{u,z) = Xlnez -^(^)^~"~^- That is, we have 

Aec 

where Mx = {w E M\L{0)w = Xw}. Moreover we require that dimM;\ is finite and for 
fixed A, M^_|_A = for all small enough integers n. 
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In this situation, if w G Mx we refer to A as the weight of w and write A = wtw. The 
totahty of ^f-twisted ^-modules defines a full subcategory of the category of (?-twisted 
weak ^/-modules. 

Denote the set of nonnegative integers by Z+. An important and related class of g- 
twisted modules is the following. 

Definition 2.3. An admissible g-twisted V -module is a weak g-twisted V -module M that 
carries a ^Z+-grading 

M= M(n), 

which satisfies the following 

VmM{n) C M{n + wtv — m — 1) 
for homogeneous v E V, m E t^L. 

\i g = Idy we have the notions of weak, ordinary and admissible l^- modules |DLM2j . 
If M = M{n) is an admissible ^f-twisted V^-module, the contragredient module 

M' is defined as follows: 

M'= M{n)\ 

where Min)* = Homc(M(n), C). The vertex operator YM'{a, z) is defined for a eV via 

(FM'(a,^)/,«) = {f,YM{e^''^'\-z-'f^'^a,z-')u), 

where {f,w) = f{w) is the natural paring M' x M — C. One can prove (cf. |FHLj . |Xj) 
the following: 

Lemma 2.4. {M',Ym') is an admissible g~^ -twisted V -module. 

We can also define the contragredient module M' for a (^-twisted ^-module M. In 
this case, M' is a (^^^-twisted V^-module. Moreover, M is irreducible if and only if M' is 
irreducible. 

Definition 2.5. A vertex operator algebra V is called g-rational, if the admissible g- 
twisted module category is semisimple. V is called rational if V is 1-rational. 

The following lemma about (^-rational vertex operator algebras is well-known |DLM3] . 

Lemma 2.6. // V is g-rational and M is an irreducible admissible g-twisted V -module, 
then 

(1) M is an g-twisted V -module and there exists a number A G C such that M = 
©„g^z+^A+n where M\ ^ 0. The A is called the conformal weight of M; 

(2) There are only finitely many irreducible admissible g-twisted V -modules up to iso- 
morphism. 
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For a simple vertex operator algebra V which has finitely many irreducible modules, we 
always denote M°, M^, ■ ■ ■ , M'^ all the inequivalent irreducible V^-modules with M° = V. 
And let A j denote the conformal weight of M* . The following theorem is proved in |DLM5j . 

Theorem 2.7. Let V be a rational and C2-cofinite vertex operator algebra, then Aj G Q, 
Vi = 0, ■ ■ ■ , rf. 

Besides rationality, there is another important concept called C2-cofiniteness [Z] . 

Definition 2.8. We say that a VOA V is C2-cofinite ifV/C2{V) is finite dimensional, 
where C2iy) = {v^2u\v,u G V). 

Definition 2.9. A vertex operator algebra V is called regular if every weak V -module is 
a direct sum of irreducible V -modules. 

Remark 2.10. It is proved in lABD^ that ifV is of CFT type, then regularity is equivalent 
to rationality and C2-cofiniteness. Also V is regular if and only if the weak module category 
is semisimple JD^- 

Let y be a vertex operator algebra. In |DLM4j a series of associative algebras An{V) 
were introduced for nonnegative integers n. In the case n = 0, Ao(V^) = A{V) is the Zhu's 
algebra as defined in [Z]. We briefiy review An{V) here. For homogeneous u, v & V we 
define 

Q _j_ ^\wtu+n 



uo„ V = Res.Y(u, z)v- 



m=0 



Extend o„ and *„ linearly to obtain bilinear products on V. We let OniV) be the linear 
span of all u o„ v and L{-l)u + L(0)m. We have (see |DLM4j . [Z]): 

Theorem 2.11. Let V be a vertex operator algebra and M = (B'^^QM{n) be an admissible 
V-module. Set AniV) = V/On{V). Then 

(1) For any n G Z+, An{V) is an associative algebra with respect to *„; 

(2) For < m < n, M{m) is an An{V) -module; 

(3) IfV is rational, then for any n G Z_|_, AniV) is a finite dimensional semisimple 
associative algebra; 

(4) IfV is a simple rational vertex operator algebra and assume {M*|i = 0, ■ ■ ■ , c?} 6e 
the inequivalent irreducible V -modules, then AniV) = ©f^Q ®m<n EndM*(m). 



2.2 Modular Invariance of Trace Functions 

We now turn our discussion to the modular-invariance property in VOA theory. The most 
basic function is the formal character of a (^-twisted l^-module M = ©^gi^^M^+n- We 
define the formal character of M as 

ch, M = trM g^^")-'^/^^ = q'-'^/'' ^ (dimM,+„)g", 
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where A is the conformal weight of M. It is proved in [Z] and |DLM5j that ch^ M converges 
to a holomorphic function on the domain |g| < 1 if is C2-cofinite. We sometimes also 
use Zm{t) to denote the holomorphic function chg M. Here and below r is in the complex 
upper half-plane H and q = e^'^*'^. 

For any homogeneous element v & V we define a trace function associated to v as 
follows: 

where o{v) = f (wtf — 1) is the degree zero operator of v. 

There is a natural action of Aut(l^) on twisted modules |DLM5] . Let g,h be two 
automorphisms of V with g of finite order. If (M , Yg) is a weak ^f-twisted V^-module, there 
is a weak hgh~^-twisied module (M o h, Yf^gh-i) where M oh = M as vector spaces and 

Yhgh-i{v,z) = Yg{h'^v,z) 

for V G V. This defines a left action of Aut(V^) on weak twisted V^- modules and on 
isomorphism classes of weak twisted V-modules. Symbolically, we write 

h o (M, Yg) = {Moh, Yhgh-^) = hoM, 

where we sometimes abuse notation slightly by identifying (M, Yg) with the isomorphism 
class that it defines. 

If g, h commute, obviously h acts on the (yf-twisted modules as above. We set ^{g) 
to be the equivalence classes of irreducible (^-twisted V^-modules and M{g^ h) = {M G 
^{g)\h o M = M}. Then for any M G ^{g, h), there is a (^-twisted V"-module isomor- 
phism 

(p{h) -.hoM^M. 
The linear map ({>{h) is unique up to a nonzero scalar. We set 

ZM(^?,/.,r) = tr„v^(/.)g^(°)-/2^ = g^-/2^ ir,,^^^^{h)q\ 

Since ^{h) is unique up to a nonzero scalar, ZM{g,h,T) is also defined up to a nonzero 
scalar. The choice of the scalar does not interfere with any of the results in this paper. 
For a homogeneous element v & V and any commuting pair {g, h) we define 

TM{v,g,h,T) = q'-'^/'' J2 t^M,^„o{v)^{h)q\ 

where M G ^{g, h). It is easy to see when v = 1, Tm(1, (?, h, r) = Zui^g, h, r). 

Zhu has introduced a second vertex operator algebra (V, F[ ], 1, cD) associated to V in 
[Z]. Here a; = w — c/24 and 

Y[v,z] = Y{v,e' - l)e"-^*'' = ^t;^^"-^ 
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for homogeneous v. We also write 



\n\z 



We must take care to distinguish between the notion of conformal weight in the original 
vertex operator algebra and in the second vertex operator algebra (Y, F[ ], 1, a;). \iv G V 
is homogeneous in the second vertex operator algebra, we denote its weight by wt[v]. For 
such V we define an action of the modular group F on Tm in a familiar way, namely 

TuUv.gXr) = {cT + dr'^^^^^TM{v,g,h,jT), 
where 7r is the Mobius transformation, that is 

:)-r^..(2.z). (2.:, 

Let P{G) denote the commuting pairs of elements in a group G. We let 7 G F act on the 
right of P{G) via 

The following theorem is proved in [Z], |DLM5] . 

Theorem 2.12. Assume {g,h) G P(Aut(\^)) such that the orders of g and h are finite. 
Let 7=('^ ^]gF. ^4/50 assume that V is g'^h'^ -rational and C2-cofinite. If is an 



c d 

irreducible h-stable g-twisted V-module, then 

TMAyiv,g,h,T) = 'yij{g,h)TN^{v,{g,h)-f, t), 

Nj<^.^{g'^h'=,gf'h''-) 

where Jijig, h) are some complex numbers independent of the choice of v eV . 
Remark 2.13. In the case g = h = 1, and ~ ^ ~ i ^ 0^)^^ have: 



^M«(^,--) =r^^'''l V5,,^M.(^,r). (2.2) 
U 

The matrix S = (Sij) is called S -matrix which is independent of the choice of v. 

3 Quantum Dimension 

In this section we define the quantum dimension for an ordinary V^-module M and give 
some examples. 
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3.1 Definition 



Definition 3.1. Let V be a vertex operator algebra and M a V -module such that Zyij) 
and Zm{t) exist. The quantum dimension of M over V is defined as 

qdim^M^limfiM, (3.I) 

where y is real and positive. 

Remark 3.2. Sometimes we use an alternating definition which involves the q- characters: 

ch M 

qdim^,M= lim -r^. (3.2) 

This is because we know as r = iy ^ 0, q = e^'^*'^ = e~^'^^ 1~ . This definition of 
quantum dimension seems well known in the literature. 

Remark 3.3. Quantum dimension is formally defined. Intuitively, for an arbitrary vertex 
operator algebra V and any V -module M , (\(\\m.y M might not exist. But we will prove 
that for rational and C2-cofinite vertex operator algebras, quantum dimensions do exist. 

Remark 3.4. If qdimy M exists, then it is nonnegative. 

Remark 3.5. // qdimy M exists, then 

qdimy M ^ qdim^ M'. (3.3) 

In the definition of quantum dimensions one needs the convergence of both ch^ V 
and chq M. But there is no theorem which guarantees the convergence of these formal q- 
characters for an arbitrary vertex operator algebra. It is natural to seek other equivalent 
definition of quantum dimensions without using the convergence of formal characters. 

Proposition 3.6. Let V = ©^q^ vertex operator algebra, and let M = ©^QM(n) 
be an admissible V -module with dimM(n) < 00, Vn > 0. //lim„_^oo '^ Xt^ v"^ ~ exists, 
then 

Vijlim ELodimM(i) 

(2) hm,^,- 5^ = rf. 

Proof: For simplicity, we denote dimM(n) by a„ and diml4 by 6„. We first deal with 
the case that d ^ 00. Then lim„^oo = d, implies for any £ > 0, | |^ — c? |< £, for n > A'", 
where N is a sufficiently large integer. Thus we have 

\ Un - bnd \< ebn- 
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For (1) we consider the following estimation: 



Em 
n=0 



E h 
n=0 



d 



Em '^-\m 7 7 

n=0 '^n ~ 2^n=0 



Em 1 
n=0 

En=o(«n - &nC?) 



< 



< 



< 











■<r^m 






- bnd) 




bn 




- bnd) 



Em 1 



Em 7 
n=0 



Errt 7 
n=0 



For the first term above, we know that lim^^oo 2^=0 bn — oo, and the top term Yln=oi'^'n- — 
bnd) is a fixed number. So we can take m > Ni, for some big enough number A^i, and we 
get 



^n=oi^n - bnd) 



So for m > max{A^, A^i}, 



X)™=0 °" _ rl 

Em t 
71 = 



?1=0 "™ 

< 2£, i.e. 



(2) is proved in a similar way: 



Eoo n 
„=o 



Z^n=0 "n^d 



-d 



< 



< 



< 







\r— ^oo 




2^n=0\'^n 




V-^00 




2^n=0\^n 


- bnd)q'^ 




bnr 




- bnd)q^ 


v^oo 


bnO^ 




- hnd)q^ 




buq"" 



bnd)q'' , T.n=N+ii^n - bnd.)q" 



+ 



+ E 

n=Ar+l 

oo 

n=Ar+l 



Z^n=0 ""V 



Er=0 ^n^' 



Obviously, limg_^i- 
very small and so is 



0. Thus when g is close to 1, the first term above is 



This shows that hm 



Chq M 

9^1" chgV 



d. 
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If (i = oo, it is evident that lim^^oo = 00 and limg_>.i- = 00. The 

proof is complete. □ 

Remark 3.7. We believe that for a simple vertex operator algebra V and an irreducible V- 
module M, if one of the three limits hm„_^oo '^Timvf ' l™n^oo and hnig^i- 

exists and is finite, then the other limits also exist and all limits are equal. But we cannot 
establish this result in the paper. There are counterexamples in pure analysis: If an, bn 
are nonnegative real numbers for n > such that hm„_j.oo 4^^"° " exists and is finite, but 
hm„_j.oo — = c>o. So the equality of these three limits has some deep reason (which we do 



h 

not know) from the theory of vertex operator algebra 



If y is a vertex operator algebra with only finitely many inequivalent irreducible 
modules, say M°, ■ ■ ■ , M"^, we give the definition of global dimension. 

Definition 3.8. The global dimension of V is defined as glob(V) = ^^^g(qdimy M*)^. 

Remark 3.9. In the index theory of conformal nets, the so called fi-index which is similar 
to the global dimension defined above plays an important role in orbifold theory. We expect 
that we can use global dimensions to get some significant results in vertex operator algebra 
theory. Same global dimension is also defined in the setting of fusion category lENOf . 

Here is a result on the global dimension for a rational vertex operator algebra using 

AniV). 

Proposition 3.10. Let V be a rational vertex operator algebra and M* = ©„>oM*(n) be 

the irreducible modules with M*(0) 7^ for all i. We assume that lim„_^oo '^TimV"'' ^^^sis 
and is finite for all i. Then 

dimAn{V)/An-i{V) 



glob(\^) = lim 



'n 



(dim Vn 

Proof: It follows from |DLM4j that A^iV) = ©to ®m<n EndM*(m). Then 

d 

An{V)/An^,{V) ^ 0EndM*H. 

Using Proposition 13.61 and the definition of global dimension gives the result immediately. 

□ 



3.2 Examples 

We use the definition to compute the quantum dimensions of modules for Heisenberg 
vertex operator algebras and Virasoro vertex operator algebras. 
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Example 3.11. Let M(l) be the Heisenberg vertex operator algebra constructed from 
the vector space H of dimension d and with a nondegenerate symmetric bilinear form. 
It is well known that every irreducible M(l)-module is of the form M(l, X), X E H with 
g-character 

(A, A) d 
(7 2 24 

chgM(l,A) ^ 



Using the alternating definition in Remark 13.21 we have 

(A.A) 



qdimA^(i) M(l, A) = lim_ ^ ^ = 1. 



Example 3.12. Let c and h be two complex numbers and let L{c, h) be the lowest weight 
irreducible module for the Virasoro algebra with central charge c and lowest weight h. 
Then L(c, 0) has a natural vertex operator algebra structure |FZ] . We are interested in 
the vertex operator algebra L(l, 0) and its irreducible modules. We know from |KRj that 



if /i = e Z, 



dim5L(l, h) = ■[ ^ viq) 4 ' 

where 



^(g) otherwise, 



n=l 



Then ii h ^ ^ for any integer n, 



4 

2i 



n„>i{i-g") 



qdimr/1 01 -^(1, ^) = hni ^^^-j = lim = oo. 



2 

Similarly for /i = ^ for some integer m, 



qdim^(i 0) ^(1, ^) = lim 

4 0—^1^ i 



g 4 (1 - g 



2 

,m+l^ 



= lim 

<?^i- 1 - g 

= lim g~(l + g H h g™) 

=m + 1. 
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4 Quantum Dimensions and the Verlinde Formula 



Computing quantum dimensions directly by using the definition is not easy. However, the 
definition of quantum dimensions involves the g-characters. This motivates us to use the 
modular invariant property of the trace functions [Z] to do the computation. It turns out 
that the Verlinde formula [Vj, [H] plays an important role. 



4.1 Verlinde Formula 

The Verlinde conjecture [Vj in conformal field theory states that the action of the modular 
transformation r — 1 /t on the space of characters of a rational conformal field theory 
diagonalizes the fusion rules. In this section, we quote some results from [H] about the 
Verlinde conjecture of rational vertex operator algebras. 

Let be a rational and C2-cofinite simple VOA, and let M°,M^,--- , M"^ be as 

before. We use N^- to denote dimJy I , w ) , where Jy I , ,j , , • ) is the space 



of intertwining operators of type ( j . N^^^ are called the fusion rules. As usual, 

we use M*' to denote (M*)', the contragredient module of M*. 

The following theorem which plays an essential role in this section is proved in [H] . 

Theorem 4.1. Let V he a rational and C2-cofinite simple vertex operator algebra of CFT 
type and assume V = V. Let S = {Sij)fj^Q be the S-matrix as defined in 112. Then 

(1) [S = Sij' = Si'j, and Si'j' = Sij] 

(2) S is symmetric and S"^ = {Sij>); 

(4) The S-matrix diagonalizes the fusion matrix N{i) = {N^^^Yj f^^Q with diagonal en- 
tries for i,s = 0, ■ ■ ■ , (i. More explicitly, S~^N{i)S = diag(|^)f^o- ^''^ particular, 
So,s for s = 0, - ■ ■ ,d. 



4.2 Properties of Quantum Dimensions 

We prove that the quantum dimensions of modules exist and are related to the S'-matrix 
under certain assumptions in this subsection. Using the Verlinde Formula we obtain an 
expression of the global dimension. We also show that quantum dimensions are multi- 
plicative under tensor product, and give a criterion for a simple module to be a simple 
current. 

Lemma 4.2. Let V be a simple, rational and C2-cofinite vertex operator algebra of CFT 
type. Let M^, M^, ■ ■ ■ , M"^ be as before with the corresponding conformal weights Aj > 
for < i < d. Then < qdim^ M* < oo for any < i < d. 

Proof. Since V is rational and C2-cofinite, we can use the modular transformation rule 
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given in fl2.2p . By definition, we have 



qdinii/ M* = lim 
lim 



y^o Zviiy) 



yd 



lim ^^-o^--^-^^^- (") .4 



: lim — J 



So,o 

The last equality is true because the conformal weight Aj > except Aq, which implies 
limg_j,o+ chg = for < j < d. By Theorem 14.11 we know that Si^ 7^ for < i < d. 
So qdimy M* exists for all < i < d. By Remark 13.41 we conclude < qdim^ M* < 00. 
□ 

Remark 4.3. The computation given in indicates the quantum dimension of a V- 
module, in some sense, only depends on the S -matrix. From Remark \2.13\ we know that 
the S-matrix does not depend on the element v we choose. Therefore we can actually 
define qdimy M in the following way: 

1. y ZM{v,iy) 

qdimy M = lim — — — — 

y^o Zv[v,ty) 

for any homogeneous v & V with o(f)|v;, 7^ 0. 



Remark 4.4. Lemma \4 . S\ can he generalized as follows. Assume V is a simple, rational 
and C2-cofinite VOA with V = V. Let M* be as before. Also assume \k = Amin = niinj{Aj} 
and Xj > Afc Vj k. (It is not clear if the assumption that there is a unique k such that 

S - 

Afc = Amin is always satisfied for rational VOAs.) Then qdimy M* = The same 

consideration also applies to several other results including Propositions 4-5[ \4-l% and 
Theorem \5.1(A below with suitable modifications. 

By using Verlinde Formula, we get the following result about global dimensions. 

Proposition 4.5. Let V be as in Lemma \4.S\ the global dimension of V is given by 
glob(l^) = ^. 



Proof. By Lemma [4. 2 1 



d n d q2 sr^d q2 



^0,0 ._n ^0,0 ^0,0 



ifi 



1=0 ' i=0 



By Theorem 14. II (1) and (2), Yl'i=o^i,o = 1 the result follows. □ 
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Next, we turn our discussion to the quantum dimension of tensor product of two 
modules. 

Definition 4.6. Let V be a vertex operator algebra, and , be two V -modules. A 
module (VF, /), where / G /v ^ M^M'^ ) ' ^^^^^^ ^ tensor product of and if for 

any V -module M and y G ly \ nji^i\j2 ] ; there is a unique V -module homomorphism 



f -.W ^ M, such that y = f o'l. As usual, we denote {W, I) by M^MM'^. 

Remark 4.7. It is well known that for a rational vertex operator algebra V, let M^, ■ ■ ■ , M'^ 

be all irreducible V -modules, then M* M exists and 



k=0 

where N^j are the fusion rules. 

Moreover, if V is also C2-cofinite, then the tensor product is commutative and asso- 
ciative and N^j = Nf'-, (see fHT^-lgL^, fU^ ). 

Remark 4.8. It is easy to show that V ^ M = M for any V -module M . 

Proposition 4.9. Let V and {M° , M\ . . . , M'^} be as in Lemma \4-^ and also assume 
V ^ V, then 

qdimv'(M^ MM^) = qdim^ ■ qdim^ . 
Proof. By Lemma 14.21 and Remark 14. 7^ it suffices to show 



fc=0 



So,o 'S'0,0 'S'0,0 



Using Theorem 14.11 gives 



d d q q q-1 „ 

Ej^k '^fc,0 _ ^«,s*-'i,s'-'s,A; '-'fc,0 

I. n "-^0,0 , „ "-^0,5 '-'0,0 

fe=0 k,s=0 ' ' 



c 

"^^'^ s=0 ^ k=0 
1 / Si gSj s 

— Z^(^^M 



Sofi 'So,. 
_ 1 'S'i,o'S'j,o 

'S'0,0 'S'0,0 
_ 'S'i,o 'S'j,o 

'S'0,0 'S'0,0 

The proof is complete. □ 
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Remark 4.10. Under the assumptions of Remark 4-4' one can easily prove that quantum 
dimensions are also multiplicative under tensor product using the Verlinde formula. 

We now turn our attention to the quantum dimensions of simple currents. 

Definition 4.11. Let V he a simple vertex operator algebra, a simple V -module M is 
called a simple current if for any irreducible V -module W, M exists and is also a 

simple V -module. 

It is clear from the definition that the simple current is an analogue of 1-dimensional 
module for groups. Our goal is to establish that M is a simple current if and only if 
qdimy M = 1. 

Remark 4.12. By Remark \4.S\ if V is a simple vertex operator algebra, then V itself is 
a simple current. 

Lemma 4.13. Let V be a rational and C2-cofinite simple vertex operator algebra, and 
M, N be two admissible V -modules. Then M M N ^ Q. 

Proof. As V is rational and C2-cofinite, by Remark 14. 7[ we know the tensor product of 
any two V^-modules exists. Thus we can consider 

{MmN)MN' = MM{NmN') ^ MMV = M 

which implies M K iV 7^ 0. □ 

Lemma 4.14. Let V be a rational and C2-cofinite simple vertex operator algebra of CFT 
type with V = V , and let M°, M^, ■ ■ ■ , M"^ be as before with the corresponding conformal 
weights Xi > 0, < i < d. For any irreducible V -module M , 

qdim^^M > 1. 

Proof. Let M* be an irreducible V^-module with minimal quantum dimension. By Lemma 
14. 2[ obviously qdim^M* > and qdimy M > 0. Then using Propsition 14. 9[ we get 

qdim^ M' ■ qdim^ M = qdim^ (M* KM) > 0. 

M* was chosen to be of minimal quantum dimension, therefore 

qdim^ M' ■ qdim^ M > qdim^ > 0. 

Thus we get qdim^ M > 1 . □ 

Lemma 4.15. Let V be a rational and C2-cofinite simple vertex operator algebra of CFT 
type with V = V , and let M°, M^, ■ ■ ■ , M'^ be as before with the corresponding conformal 
weights Xi > 0, < i < d. If M is a simple current ofV, then qdim^ M = 1. 
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Proof. Let M be a simple current of V. Immediately we have M M M' = V. Then by 
Remark 13.51 and Proposition 14.91 we have 

1 = qdimy V = qdimy(M K M') = qdimy M ■ qdimy M' = (qdim^ Mf. 

This implies qdimy M = 1 . □ 

Lemma 4.16. Let V be a rational and C2-cofinite simple vertex operator algebra, and 
M° = V, M^, ■ ■ ■ , M'^ be as before. Fix an irreducible V -module M*, then for any < i < 
d, we have 

for some < j < d. 

Proof. Again, the rationality and C2-cofiniteness guarantee that tensor products are well 
defined and associative. So 

where M"' is the dual of M^ Note that M'' K = ©^^oA^f, -M^'. Thus 

d 

M' C ATf^ .M" SM^'. 

j=0 

Since M' is simple, C Kl for some j. □ 

Proposition 4.17. Let V be a rational and C2-cofinite simple vertex operator algebra of 
CFT type with V = V , and let M", M^, ■ ■ ■ , M*^ be as before with the corresponding 
conformal weights Xi>0,0<i<d, then a V -module M is a simple current if and only 
if qdimy M = 1. 

Proof. By Lemma [4. 151 any simple current has quantum dimension 1. Now assume M is 
a ^-module such that qdimy M = 1. Obviously, Lemma [4.141 shows that M is simple. 
Lemma 14.161 claims that 

d d 

i=0 i=Q 

This implies 

d d 

qdimy (0 M') < qdimy M H M'. 

i=0 i=0 

Since qdimy M = 1, computing the quantum dimensions on both sides of the above 
equation gives 

d d d d 

qdimy(0 M^) = ^ 1 ■ qdimy = ^ qdimy MMM' = qdimy(0 MMM'). 

i=0 i=0 i=Q i=0 

We obtain ©f=o^^ = ©f=o^ ^ M\ 

By Lemma [4.131 we can conclude that for any M\ i = 0, . . . , d, there exists some 
j = 0, . . . , d, such that M M M* = M-', i.e. M is a simple current. □ 
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4.3 Examples 

Now, by using the properties above we can compute more examples about quantum 
dimensions. 

Example 4.18. Let g be a finite dimensional simple Lie algebra with Cartan subal- 
gebra f), and q be the corresponding affine Lie algebra. Fix a positive integer k. For 
any A G f)*, we denote the corresponding irreducible highest weight module for g by 
Lg{k,X). It is proved in |DL] . |FZ] . |Lil] that Lg{k,0) is a rational simple vertex opera- 
tor algebra and all irreducible Lg(/c, 0)-modules are classified as {Lg{k, X)\{X,9) < fc, A G 
f)* is a dominant integral weight}, where 9 is the longest root of g, and {9, 9) = 2. 

The quantum dimensions of the irreducible Lg(fc, 0)-modules can be computed using 
Lemma and the modular transformation property of affine characters [Kj. The formula 
is given in j^: 

qdimi^(fc,o) L,{k, A) = n ^^T^^TT^' 

where p is the Weyl vector, a belongs to the set of positive roots and Uq = '^gl^-i , where 

q = and h is the dual coxeter number of g. In the operator algebra framework, 

the statistic dimension of i^g(fc. A) is given by the same formula when g is of type A in 
[Wa] . 

Example 4.19. Let be the lattice vertex operator algebra associated to an positive 
definite even lattice L. It is proved in [D], |DLM5j that is rational and C2-cofinite, 
and {V/:+^Ji e L°/L} gives a complete hst of all irreducible V^-modules, where L° is the 
dual lattice of L. By |DL] . every irreducible V^-module is a simple current. Thus 



qdimy Vl^ 



l-H 



by Proposition 14.171 

This implies a well known property on the theta functions of lattices. Note that 
ch, Vl+,^ = where 9l^,M = E.eL+,. and r^(g) = gV24 jj^^^^i _ g") and 

d is the rank of L. Then 

Example 4.20. We now consider the vertex operator algebra L(i,0) associated to the 
Virasoro algebra with central charge |. This is a rational and C2-cofinite vertex operator 
algebra with only three irreducible modules L(|,0), L(|, |), and ^) (see |DLM5j . 
|DMZj . |Wj). We use two different methods to compute the quantum dimensions of the 
modules. 

(1) We first compute the quantum dimensions by using the S'-matrix (see Lemma I^l2|) . 
For short we use Zq{t), Zi{t), Zj_{r) to denote Z ^(^i ^q-^{t) , Z^i^i-^{t), and Z^i^j_^{t) 
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respectively. The modular transformation rules below is given in [Kaj : 





r 




) + lZi(r) + ^Z^(r 

2 2^^ 2 16 




r 








r 


2 


r)-^Z.(r). 



By Lemma [4. 2[ we get 



qdim^d 




, 0) 


= 1, 




qdim^(i 


0)^(2' 




1/2 • 


(4.2) 


qdim^(i^ 




3^) 


1/2 





(2) We can also compute the quantum dimensions by using Proposition 14.91 The fusion 
rules for these modules are well known (see [DMZj . |W]): 



(4.3) 



(1) L(-,0) is the identity; 

(2) L(i,i)xL(l,l) = L(l,0)i 
(3) 

Obviously, L(i,0) and L(i, i) are simple currents, so we have 

qdim^(i 0) L(^, 0) = qdim^^i g) L(^, ^) = 1. (4.4) 
Using (14. 3 p (14. 4p and Proposition 14.91 we have 

[qdim^(i o)^(^,^)]' = l + l=2. 

That implies 

1 1 

qdim^(i^ o)L{-,—) = V2. 

Example 4.21. Let L{c,h) be the irreducible Virasoro algebra module as in Example 
13.121 It is proved in |W] that the vertex operator algebra L{c, 0) is rational if and only 
if c = Cp^q = 1 — , where p,q E {2,3,4,- ■■}, and p,q are relatively prime. And 
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all irreducible L{cp^g, 0)-modules are classified as L{cp^g, hm,n) for < m < p, < n < q, 
where hm,n = , The fusion rules are also determined in jW] . 

Let Xm\i'^) denotes the character of L{cp^q, hm,n) ■ The S'-modular transformation of 
characters has the following form jCIZlj . |CIZ2j . 



m' ,n' 

where 

^-'X = /A(_l)rn'n+nWl sin(^). (4.5) 

\ pq P Q 

The case p = q — 1 gives the unitary discrete series, which has been extensively studied 
in physics and conformal nets theory. Using Lemma 14.21 and formula 14.51 one can easily 
compute the quantum dimensions of irreducible modules for the unitary discrete series. 
For the nonunitary case, Amin = ^~^4pq'^ (see ^DM3]). In this case, one needs to find 
m, n such that \mq — np\ = 1. We only discuss two special cases (p, q) = (2, 5) and (3, 5) 
here. The quantum dimensions of their irreducible modules are computed using the S 
matrix and Remark 14.41 

1) The case {p,q) = (2,5) : Cp_g = — ^ and L(c2,5,0) has 2 irreducible modules 
L{c2,5, hi^n), n = 1,2. Here hi^i = 0, and hi^2 = — | = Amin- A straightforward calcu- 
lation gives 

"^i.i = '\/7Sin(— ), ^12 = - V7Sin( 



Thus 
and 



5 ' 5 

qd™L(c2,5,0)^(c2,5,/il,l) = 1, 



qdimi(c2 3,0) HC2,5, hi^2) = = r = 2 cos -. 

Sill J$sm(¥) ^ 



5 ^ 5 



2) The case {p,q) = (3,5) : Cp^g = — | and L(c3,5,0) has 4 irreducible modules 
^(c3,5,^i,n), n = 1,2,3,4. Here hi^i = 0, hi^2 = = >^mm, /ii,3 = | and /ii,4 = |. 
By using (14. 5p . it is easy to get 

^i,i = Vl^sm(-)sm(-); 

ci.2 ■ /Svr . 12-K 

Si,2 = "V 15 

ei,2 . /57r . IStt 

^'^ = V 15 ^^^^Y'^^^^^~'^' 

ci.2 . .Svr . 247r 

^'^ = ~Y Y5 y) sm(— ). 
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This implies 

qdimi(c3 5,o)^(c3,5,^i,i) 

qd™L(c3,5,0)^(c3,5,/il,2) 
qdi"^i(c3,5,0)^(c3,5,/il,3) 

In the following example, the vertex operator algebra V is neither rational nor C2- 
cofinite. But the quantum dimensions of its modules are still multiplicative under tensor 
product. 

Example 4.22. Recall L(1,0) and L{l,h) from Example I3.12[ The fusion rules for 
irreducible L(l, 0)-modules are given in [M] and |DJj . Assume m,n E Z_|_ and m > n, 
then 

m+n 

L{l,m^)mL{l,n^) = L{l,k^). 

k=m—n 

By Example 13.121 we have 

qdim^(,^o)(L(l,m2)KL(l,n2)) 

m+n 

= qdim^(,,o)( L{l,e)) 

k=m—n 

m+n 

= E (2A: + 1) 

k=m—n 

= (2m + l)(2ra + 1) 

From the fusion rules, the only simple current among L(l, m^) is L(l, 0), which has quan- 
tum dimension 1. 

By Example I4.22[ it seems that even for vertex operator algebras that are not rational. 
Propositions 14.91 and 14.171 are still true. But the proofs of these propositions require that 
V is rational and C2-cofinite as the modularity of trace functions are used. This gives 
us a good reason to believe that there might be an alternating definition for quantum 
dimensions which does not involve the trace functions. We believe that the other two 
limits given in Remark 13.61 are in the right direction. 

5 Possible Values of Quantum Dimensions 

In this section we will give a result on possible values of quantum dimensions using the 
graph theory and Perron-Frobenius Theorem. It turns out that the values of quantum 
dimensions are closely related to the possible values of the index of subfactors [J]. 
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qdim 



i(c3,5,0) 



L{c3^5j ^1,4) — 1; 



q1,2 

= 2cos(-) 

cl,2 

= 2cos(-) 



Definition 5.1. Let A be an n x n matrix over M, and Ai, A„ be all the eigenvalues of 
A. Then its spectral radius p{A) is defined as: 

p{A) = max(|Aj|). 

i 

Next result is part of Perron- Frobenius Theorem (cf. [BH] ). 

Theorem 5.2. Let A = {aij) be an n x n positive matrix: aij > 0, for 1 < i, j < n. Then 
the following statements hold: 

(1) There is a positive real number r, such that r is an eigenvalue of A and any other 
eigenvalue A (possibly complex) is strictly smaller than r in absolute value, |A| < r, i.e. 
p{A) = r; 

(2) There exists an eigenvector v = {vi, ■ ■ ■ of A with eigenvalue r such that all 
components of v are positive; 

(3) There are no other positive (moreover non-negative) eigenvectors except positive 
multiples of v, i.e. all other eigenvectors must have at least one negative or non-real 
component. 

Remark 5.3. In the case that A is non-negative, we can use positive matrices to approach 
A. So if there is a positive eigenvector of A with positive eigenvalue r, then r = p{A). 



Remark 5.4. Let V be a simple vertex operator algebra as in Lemma 4-2\ and M* for 
i = 0, ■ ■ ■ ,d be the irreducible V -modules as before. Theorem 4jJ_ and Lemma \4.2\ assert 



that qdimy M* is a positive eigenvalue of N{i) with eigenvector v = (|^, ■ ■ ■ , )^ 
whose entries are all positive (since each component is a quantum dimension). By Remark 
\5.3\ one knows that qdim^ M* is exactly the spectral radius of N{i), i.e. qdimy(M*) = 
p(iV(z)). 

The following lemmas are devoted to proving the main result of this section. 

Lemma 5.5. Let V be a vertex operator algebra as in Lemma \4-^ and N{i) = {N^-)j^k 
be the fusion matrix. Then N{i)'^ = N{i'). 

Proof. Using Theorem 14.11 gives 



d 



s=0 

d Q Q C~l 



s'=0 ' 
d Q Q C^l 



The proof is complete. □ 
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Since the fusion algebra is commutative, the following corollary is now obvious. 
Corollary 5.6. The fusion matrix N{i) is normal, i.e. N{i)'^N{i) = N{i)N{i)'^ . 

Lemma 5.7. The matrix ( ^w-xy ] is a symmetric matrix whose spectral radius 



Ar(«)^ 
equals to qdimyM*. 

Proof. It is clear that N{i) = ^ N^')^ ^ ^ is a symmetric matrix. And the matrices 
N{{) and N{if = N{i') have the same spectral radius qdim^ M* with the same eigen- 
vector V (Remark 15. 4p . Thus the vector ( ^ j is an eigenvector of N{i) with eigenvalue 



qdimy M*. Again by Remark 15.31 p{N{i)) = qdim^M*. □ 

In graph theory, the adjacency matrix of a finite graph G on n vertices is the n x n 
matrix where the non-diagonal entry aij is the number of edges from vertex i to vertex 
j, and the diagonal entry an is the number of loops from vertex i to itself. Thus any 
symmetric matrix with all entries non-negative integers is the adjacency matrix of a 
certain finite graph. 

Definition 5.8. Let G be a graph and M be its adjacency matrix. The spectral norm of 
G is defined as the spectral radius of its adjacency matrix M, which is denoted by || G || . 

Remark 5.9. If Gi, i = 1, ■ ■ ■ , k, are all the connected subgraphs of G, then 

max II Gi 11 = 11 G \\ . 

i 

Theorem 5.10. Let V be a simple vertex operator algebra and {M*^, ■ ■ ■ , M'^} the in- 
equivalent irreducible V -modules as in Lemma \4.2\ Then for any < i < d, 

qdimy M* G {2 cos(7r/n)|n > 3} U {a|2 < a < oo, a is algebraic}. 

Proof. Since qdimy M* is the eigenvalue of the fusion matrix N{i) whose entries are all 
nonnegative integers, it is an algebraic number. 
By Lemma 15.71 we know that the matrix 



N{t) 
N{if 



is symmetric with all entries nonnegative integers. Thus N{i)) is the adjacency matrix of 
a certain graph, say, Gi, whose norm is actually the quantum dimension of M\ 

If II Gi II > 2, we are done. If || Gi \\< 2, it follows from fS] and [LSj that each connected 
subgraph of Gi is of ADE type. And the spectral norms of ADE type graphs are of the 
form 2cos(7r/n) with n > 3. □ 
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Remark 5.11. The possible values for the index of subfactors given in IJ] are 

{4cos2(7r/n)|n > 3} U [4, 

So the possible values for quantum dimensions given in the previous theorem are exactly 
the square root of index of subfactors but restricted to algebraic numbers. 

Remark 5.12. The possible values that are less than 2 can be realized. Take g = s/2(C), 
and let A be the fundamental weight. Consider different levels k G Z+. By Example \4.18\ 
one easily sees that 

qdimi^(fc,o) Lgik, A) = 2 cos(^-^), k > 1. 

But we do not know which number greater than or equal to 2 can be realized as a quantum 
dimension. According to lENOf . the quantum dimensions for rational and C2-cofinite 
vertex operator algebras are cyclotomic integers. 



6 Quantum Galois Theory 

In this section, we study the Galois theory for vertex operator algebras. In the classical 
Galois theory, we need the degree [E : F] of a field E over a subfield E, which is defined 
as dimpE. To have a Galois theory for vertex operator algebras, we also need to define 
the degree of a vertex operator algebra V over a vertex operator subalgebra U. We define 
the degree : f/] to be the quantum dimension qdim^/ V. In fact, exhibiting a quantum 
Galois theory is one of the main motivations for us to study the quantum dimensions. 
We need the following theorems for further discussions. 

Theorem 6.1. Let V be a simple vertex operator algebra, G be a compact subgroup of 
Aut(y), and G acts continuously on V . Then as a (G, V'-') -module, V = ©xeirr(G)(W^x ® 
V-^), where 

(1) ^ 0, Vx e Irr(G), 

(2) is an irreducible V'^ -module, Vx G Irr(G), 

(3) = Vx as V'~' -modules if and only if x = ^■ 

Theorem 6.2. Let V be as in the previous theorem, andG be a finite subgroup o/Aut(V^), 
then the map H — )■ gives a bisection between subgroups of G and subVOAs of V 
containing . 

Theorem 16.11 is established in |DLMlj . If G is solvable, this result has been obtained 
previously in [DMlj . Theorem 16.21 is given in |DM1] and |HMT] . 

It is well known in the classical Galois theory that if G is a finite automorphism group 
of field E then [E : E^] = o{G). The next resuh is a vertex operator algebra analogue of 
this result. 
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Theorem 6.3. Let V be a rational and C2-cofinite simple vertex operator algebra. Also 
assume that V is g-rational and the conformal weight of any irreducible g-twisted V- 
module is positive except for V itself for all g & G. Then [V : V^] exists and equals to 
o{G). 

Proof. It is well known that o{G) = J2xeivv(G)(^^^^x)'^ ■ -^^ Theorem 16.11 if qdiniyG 
exists for all x ^ Irr(G) then [V : V*-^] exists and is equal to J2x&vv{G) dimiy^ - qdiniyG V^. 
The theorem holds if qdim^c = = dimPV^. 

By the orthogonality of characters of representations of a finite group, we notice that 
chg(^x) = ^EgGG^v-ll, 9, g)x(fi')- By Theorem [2II2 we have 

EggG^v-li, g, q)x{.g) 

qdim^G = hm — — — 

9^1- EgeG^vil, g, q) 



= lim — Y~\ — 

LgGG^v(i, g, --) 
^ ^.^ EggG,jv.g.^(g)%(i>^)^jv.(^> i> i)x{g) 

By the assumption, we know that 

lim l,g)^0 

and 

lim q'^/'^Z^^g, l,g) = 

g-i-0+ 

for any other A^j. This implies that 

qdim^G = = dim W^, 

and the theorem follows. □ 

Remark 6.4. In Theorem \6.3[ under certain conditions, we proved for a finite group 
G < Aut(y), qdimyG = seems that this result is still true for a compact group 

G < Aut(l^) as assumed in IDLMlf . Here are some examples. 

Example 6.5. Let Vl be the lattice VOA associated to a positive definite even lattice L 
of rank d with a nondegenerate bilinear form ( , ). Set f) = L(8>zK and and let M(l) be the 
rank d Heisenberg vertex operator algebra associated to f). Then Vl — ^(1) (S'(®aeL 

Ce") 

as linear spaces. Recall that L° is the dual lattice of L. Then L®iE./L° = T" is a compact 
Lie group acting continuously on Vl in the following way: for any /3 G f), 

e2-/3(o) . Vl ^ Vl 
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Since /3(0) is a derivation of Vl, e^'^*''(°) is an automorphism of Vl such that e^'^*''(°) = 1 if 
/3 G L°. As a result the torus T" is a compact subgroup of Aut(Vi). It is easy to see that 
(Vl)^" = ^(1)- By Theorem 16. II we have a decomposition of Vl'- 

Vi = 0M(l,a)®Ce'^, 

where M (1, a) is an M(l)-module with weight a, and Ce" is an irreducible T^-module. We 
have already known from Example 13.11 I that qdim^yj^-^-) M(l, a) = 1. That is, qdim^^^^^-) M(l, a) = 
dimCe". 

Example 6.6. Let V = Vihe the lattice vertex operator algebra associated with the root 
lattice L = Za of type Ai where (a, a) = 2. It is well known that 5*0(3) is a subgroup of 
Aut(V^) and we have the following decomposition |DG] : 

where L(l,m^) is the highest weight module for the Virasoro VOA L(1,0) with highest 
weight m^, and is the irreducible 2m + 1 dimensional highest weight module for 
5*0(3) with highest weight m. In particular, V^^^^^ = L(l, 0). By Example I4.22[ one gets 

dim = qdim^(;^ 0) -^(l^ '^^) = 2m + 1. 

Motivated by these two examples, we make the following conjecture: 

Conjecture 6.7. Let V = (V, Y, 1, u) be a rational and C2-cofinite simple vertex operator 
algebra, and G be a subgroup of AvLt{V). Assume that G is a finite- dimensional compact 
Lie group which acts on V continuously. Then the decomposition 

Xelrr(G) 

has the following property: 

dim = qdim^/G V^. 

We now turn our attention to the Galois extensions in the theory of vertex operator 
algebra. We need some definitions first. 

Definition 6.8. Let U be a vertex operator subalgebra of V with the same Virasoro ele- 
ment. V is called a Galois extension of U if there exists a finite group G < Aut(V^) such 
that U = V^, and qdim^ V < o{G). 

For any VOA extension V D U we can define the Galois group Ga\{V/U) = {g & 
Aut(^) I g\u = Id} as in the classical field theory. The following two theorems are our 
main results about Galois extensions. 
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Theorem 6.9. Let V be a simple vertex operator algebra, andG < Aut(V^) a finite group. 
Then 

Gal(\//V^) = G. 

Proof. Obviously G C Ga\{V/V^). We now prove the containment Gal(V^/V^*^) C G with 
the help of Hopf algebra. 

Let C[G] be the group algebra associated to G. Then C[G'] is a co commutative Hopf 
algebra with comultiplication A, counit e and antipode S : 

A : C[G] C[G] ® C[G], A{g) =g®g, for ^ G G, 
e : €[G] C, e{g) = 1, for g e G, 

S : C[G] ^ C[G], S{g)=g~\ for geG. 

Recall that an element g G CfG] with A{g) = g ® g and e{g) = 1 is called a group-like 
element. It is well known that the set of group-like elements of C[G] is exactly G itself. 
So it is enough to show that any g G GaA{V/V^) is a group-like element. 

Since gl^^ = Id, g : V ^ V gives a V^-modvle homomorphism. Thus gWx ^ 
for any x ^ Irr(G), where W-^ is the same as in Theorem 16.11 That implies 

ge EndTO. 

Xelrr(G) 

Together with the fact that C[G'] = ©^gii.i.(G)End(W^), g can be viewed as an element in 
C[G]. We write g = J2heG^hh, Xh G C. As g\^^ = Id = J2heG^hh\vG = Y^haG^hJd, we 

get EhgG^/i = 1' i-e- ^(^) = 1- 

Now in order to show A((yf) = g ® g, it suffices to show that for any Xi 1 ^ Irr(G'), 
g{a ®b)=ga® gb, where a G and b G W^. Let W^, be two G-submodules in V. 
It is proved in |DM2] that there is a G-module isomorphism for sufficiently small n: 

oo 

UmV\u G W^, V G W^), 

m=n 
oo 

■U ® f I— 7- Mm'W- 
m=n 

Since g is an automorphism of V, g{Y^Z=n'^rnv) = J2m=ni9u)mgv = tpnigu ^ gv)). We 
get g{u ^ v) = gu ^ gv. Thus g is a group-like element and the proof is complete. □ 

Theorem 6.10. Let V be a simple vertex operator algebra as in Theorem \6.3[. and G a 
finite automorphism group of V. Then H t— )■ gives a one-to-one correspondence from 
the subgroups of G and the vertex operator subalgebras of V containing satisfying the 
following: 

(1) For any subgroup H ofG, [V : V"] = o{H) and [V^ : V^] = [G : H], 

(2) H <G if and only ifV^ is a Galois extension ofV^ . In this case Gal(l^^/y^) = 
G/H. 
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Proof. The one to one correspondence is given in Theorem 16.21 By Theorem 16.31 with G 
replaced by H we easily see that 



[V:V^]= J2 dim(iyj ■ = Yl x{lf = o{H). 

Also, [V" ■ V^] = [V : V^]/[V : V"] = [G : H] and this proves (1). 

For (2), we first notice that gV^ = V^"^-^ for g e G. \{ H <\ G, G / H acts naturally 
on V". So G/H is a subgroup of Gal{V^ /V^). It is clear that = {V^f^^. Then by 
Theorem EH Ga\{V^ /V^) = G/H. Together with the fact [V" : V^] = [G : H], we 
conclude that is a Galois extension of . 

Now we assume is a Galois extension of V'^. For short we set G' = GaA(y^ /V^). 
By Part (1) and the definition of Galois extension we know that (V^)'^ = V'-' and 

[G:H] = : V^] = : {V'f'] < o{G'). (6.1) 



By Theorem 16.11 we have two decompositions 



v= W^®V, 

Xelrr(G) 



XI 



V^= Q R^®V^, (6.2) 

Xelrr(G) 

where C is a subspace, and each is an irreducible G"-module. We also know 
every irreducible G'-module occurs in by Theorem 16. 1[ 
By Theorem 16.31 and equation fl6.2p . we have 

[V" ■.V^]= ^ dimi?^ ■ qdimv^G 

Xelrr(G) 

= dim R^ ■ dim 

X6lrr(G) 

> (dimi?,)^ 

Xelrr(G) 

=o{G'). 

Together with equation (16.11) . we have that for any x ^ Irr(G') with i?^ 7^ 0, dimi?^ = 
qdimyG V"^, i.e. either i?^ = or i?^ = W^, therefore for any g E G, gV^ = V^^^ C . 
By Theorem 16. 2[ H ^ gHg~^, which implies H = gHg~^. And the proof is complete. □ 

Remark 6.11. Let E D F be two fields. In classical Galois theory, the following two 
definitions for Galois extension are equivalent: 

(1) E is called a Galois extension of F if F = E'^ for some G, where G is a finite 
subgroup of Avit{E), 

(2) E is called a Galois extension of F if dim p E = Gal(i? : F). 
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We believe that the same is true for vertex operator algebra. But we cannot prove it in 
this paper. However, if V is a rational vertex operator algebra satisfying the assumptions 
given in Theorem \ 6.!% these two definitions are equivalent. Since in Theorem \6.1U 
does not satisfy the assumptions of Theorem \6.3\ (these assumptions should hold according 
to conjectures in orbifold theory but have not been established), we need to use both (1) 
and (2) in the definition of Galois extension for vertex operator algebra to have a good 
Galois theory. 
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